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Abstract 


In order to commemorate Professor Duan Yi-Shi, I hereby publish in 
Helv. Phys. Acta,(68(1995)513. article on the Internet 

By means of methods of the geometric algebra the general decomposition 
of the spin connections on the sphere bundle of a compact n-dimensional 
Riemannian manifold has been studied in detail. Using this decompo- 
sition theory it is shown that the Gauss-Bonnet-Chern density of the 
Euler- Poincaré characteristic can be expressed in terms of a smooth 
vector field ¢ and taken the form of the 6 function 5(¢).The topological 
structure of the Gauss-Bonnet-Chern density is detailed. Furthermore 
the Morse theory formula of the Euler-Poincaré characteristic has been 


obtained via the topological structure. 


1. Introduction 


The Gauss-Bonnet-Chern (GBC) theorem is one of the most signicant results in differen- 


tial geometry .It relates the curvature of the compact and oriented even-dimensional 
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Riemannian manifold M with an important topological invariant,the Euler-Poincaré 
characteristic x(W) . An elegant intrinsic proof of the theorem was discovered by 
Chern!"?] whose instructive idea was to work on the sphere bundle $(M) rather than 
on M,or exactly on the individual fibre of S(M). A summary and some historical com- 
ments on the GBC theorem are given by Kabayashi,Nomizu!), and Spivak'4lrespectively. 
Recently,a detailed review of Chern’s proof of the GBC theorem is presented in Ref[5]. 

A great advance in this field was the discovery of a relationship between supersym- 
metry and the index theorem,which includes the derivation of the GBC theorem via su- 
persymmmetry and path integral techniques as presented by Alvarez-Gaume et al.!®l.In 
topological quantum field theory which was initiated by Witten!” the GBC theorem can 
be derived by means of a general Morse theory'®!. On the physics side, the optical Berry 
phase is a direct result of the Gauss-Bonnet theorem”! and the black hole entropy emerges 
as the Euler class through dimensional continuation of the Gauss-Bonnet theorem"), 

Using the special decomposition of a spin connection for the group SO(n) in a previous 
workl!4] by one of the authors Duan of this paper ‚the GBC density(the Euler-Poincaré 
characteristic x(M) density) can be taken as a ô function 6(¢) of a smooth vector field 6 
which implies that only the zeros of a smooth vector field E on the manifold M contribute 
to x(M). This fact is the classical Hopf theorem!!?13].But we must point out here that 
the decomposition of the spin connection in the previous paper!!! was sopposed only for 
a special gauge condition . 

In this paper we will try to establish a general decomposition theory of the spin 
connections for an SO(n) gauge theory in terms of the unit vector field 7 by means of 
the methods of the geometric algbra and give a general decomposition formula of the spin 
connections with a global property .A Chern- Simons (n — 1)-form on the whole bundle 
S(M) can be rigorously obtained without using a gauge condition .One shows that the 
GBC density takes a form of the 6 function 6(¢) of the smooth vector field ¢ and the 
topological structure of the GBC density can be labeled by the Brouwer degrees and the 


Hopf indices. Furthermore we show that a expression for x(M) in the Morse theory can 


be represented by the Hopf indices and the Hessian matrices via the topological structure 
of the Gauss-Bonnet-Chern density. 

This paper is arranged as follows . In sec.2 we will study a general decomposition 
theory of spin connections in an SO(n) gauge theory on a sphere bundle S(M) .In sec.3 we 
will derive the Chern-Simons (n — 1) form from the Chern formula on the sphere bundle 
S(M) using the general decomposition expression of the spin connections and express 
it completely in terms of a unit vector field 7 .In sec.4 we investigate the topological 
structure of the GBC density.In sec.5 we derive the expression for x(M) in the Morse 


theory by the topological sturcture of the GBC density given in sec.4. 


2. The sphere bundle and the general decomposition theory 
of the spin connections 


In this section we will begin with the introduction of some definitions and the basic 
notions to discuss the general decomposition problems. The intrinsic proof of the Gauss- 
Bonnet-Chern theorem of the Euler-Poincaré characteristic x(M) of the Riemannian 
manifold M given by Chern!'?] makes use of a unit vector field on M with only a finite 
number of isolated singular points via introducing a sphere bundlel!45]g (M) over M. 
We recall also that the topological invariant x(M) is identified to the sum of the indices 
of a smooth vector field on M at its zeros,which was given by a famous Hopf theorem.To 
give a unified version of the above two viewpoints,let M be the compact and oriented 
n-dimensional Riemannian manifold and ¢ be a smooth vector field (a section of vector 


bundle) on M, as in Refs.[16,17,18,19],we define a unit vector field 7 on M as 
nt =h, =l P =9679% a =1,2,..,0. (1) 


in which the superscript “a” is the local orthonormal frame index. 
From(1) we see that the zeros of $ are just the singularities of 7.This expression 


naturally give a constraint condition 
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we get 
nan’ =. (3) 
In fact, 77 is just a section of the sphere bundle $(M)!!.For the SO(n) gauge theory,i.e.,the 
principal bundle P(z,M,G) with a structure group G = SO(n),let x“ be the local 
coordinates on the base manifold M , the covariant derivative 1-form Dyn? of the unit 
vector field n® is defined by 
Don? = dn? — wn? (4) 
and the curvature 2-form, 
Few) = dw — wt A wP. (5) 


b 


where w® is a spin connetion 1-form (the SO(n) gauge potential) 


we = wadat, w? = ut, (6) 
From (3),(4)and(6) we see that 
n° Dn =0. (7) 


Let the n anti-commuting Dirac matrices Jala = 1,...,n) in a n- dimensional vector 
space of the vector field b be a set of the bases of the Clifford algebra2°l which satisfy 


the anti-commutation relation 


Yao + WYa = 2avl. 


In the geometric algebra theory ?!:22] the unit vector field 7% on M can be expressed in 
the following matrix form 


n=n*raq, (8) 


1-vector ,then the spin connection 1-form and the curvature 2-form are respectively 


1 1 
w= 5 Lab: F(w) = 5 Fw) an (9) 


in which Tap are the generators for the group SO(n).i.e., 


1 
Tab = qa vl: (10) 


4 
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and 
Mab, Yc] = Ya9be = Yp0ac- (11) 


Using (8) and (11) it is easy to prove that the covariant derivative 1-form (4) can be 
rewritted in terms of n and w 


Dyn = dn — [w,n] (12) 


and the curvature 2-form 


F(w) = dw -w ^w. (13) 


Let f and h are two 1-vectors in geometric algebra theory i.e., f = f°ya, h = h'a, 


the scalar pruduct of f and h can be defined by 
ET 1 apa 
ee hth = Sh. (14) 
It can be shown that the geometric product of f and A is 
fh = fon? + (fen? — hf?) Io. (15) 


Making use of (15) and from (2),(3),(7),(8) we have 


nn=n'n? =], (16) 
dnn + ndn = 0, (17) 
Dunn + nDun = 0, (18) 
and 
dnn = (dnên? — ndn?) Igy, (19) 
nD yn = (n Dyn? — n? Dun®)Iap. (20) 


Let T, be a r-vector in the geometric algebra 
1 a1...,Q 
T= qT OE Meas cis Vous 
r! 
we can prove that the covariant derivative 1-form of T, is 


DoT: =d =T): (21) 


Now we return to the main discussion on the decomposition theory of the spin con- 
nections .In the gauge theory it is well-known that when connection 1-form w takes the 


gauge transformation 
w = Sws! dss, (22) 
the curvature 2-form F should be transformed as 


F' = SFS}. (23) 


These are fundamental requirements to the gauge field theory. In our view-point!!7] the 


b can be decomposed and may has a inner structure,which 


spin connection 1-form w° 
have been effectively used to study the magnetic monopole problems in the SU(2) gauge 
theory!718:19] the topological gauge theory of the dislocation and the dislinations in con- 
densed matter physics?! and the geometrization of the Planck constant in terms of the 
space-time defect in General Relativity?! The main feature of the decomposition theory 


of the connections (the gauge potential) 7] is that the connection w can be generally 


decomposed by 
w= Á +b, (24) 


where A and b are respectively required to satisfy the gauge transformations and vector 


covariant transformations,i.e., 
A' = SAS! bass, (25) 
b = Sbs. (26) 
From (25) and (26) one shows that 
w = A +U = S(A +b) St + dS S7! 


This means that the decomposition of the connection w = A + b with (25) and (26) 
rigorously satisfy the gauge transformations. 


Using (16) , by (12) we see that 


Dynn = dnn — w + nwn. (27) 


From above we find that 
1 1 
w= 5 (dnn +nDn) + gin); (28) 
where we define an useful symbol 
In(w) = nwn + w. (29) 


The expression (28) with (29) is the general decomposition formula of the spin connections 
for the SO(n) gauge theory. We call the term $(dnn + nDun) in (28) the fundamental 
term of the general decomposition of the connection w respect to n and In (w) , the 
compensative term of the general decomposition of the connection w respect to n , which 
makes the whole general decomposition expression of the connection w to satisfy the 
gauge transformation rule. 

Let a family {W, V, U, ...} be an open cover of M and Syy be the transition matrix 


functions which satisfy the following condition’! 


Suu =l, San = Suv, SwvSvuSuw = I WAVAU £0. 
For any two open neighborhoods V and U,if V QA U 4 0,then 
Ny = SVUNu Syy, (30) 


where n, and n, are two smooth vector fields on V and U respectively and the spin 


connections wy and wu satify a relation 
Wy = SyuunSyy + dSyu Soy, (31) 


which is the foundamental condition of the existence of the connection on the principal 
bundle P(z,M,G). In terminology of physics Syy is just the gauge transformation 
(22) in the gauge field theory.In the following,for abbreviation we always denote that 


Svu = S.From (28),(29) and making use of (30) and (31) it can be proved that!?®l 


1 1 
z (dwn + Nu Du, Nu) A zI (Wy) 


1 1 
= S[5(drutty + Mu Datu) + 5 In (Wu) ST + d9S7}. (32) 
And using (31) and (32) we see that 
1 1 
Wy — [5 (drone + nDo, nu) + zI (wy)] 


1 1 
= Slwy — z (Aun + NuDu, nu) — zI (wu) St. 


The above expression shows that if the decomposition formula on the open neighborhood 
U 


1 1 
Wu = g (Munu + Ny Duunu) + gTa (wu) 
holds true,then the decomposition formula on the open neighborhood V 
1 1 
iy = z (ww + nu Dono) + zI (wy) 


must holds true also. This means that the general decomposition formula (28) has a 
global property and is independent of the choice of the local coordinates. 

Now let us show that the decomposition formula (28) is independent of the choice of 
the unit vector field 7.To do this let k in geometric algebra be a unit vector field which is 
different from the unit vector field n.Then quantity nk by a terminology of the geometric 


algebra is a 2-vector and using (21) its the covariant derivative 1-form is 
D,(nk) = d(nk) — [w, nk]. (33) 
This expression gives a relation as 
Donk +nD,k = dnk + ndk — wnk + nkw. 


Multiplying both sides of the above formula by n from left side and by k from right side 


and using 


kk=k kK L= (34) 
it is not difficult to get 


nDyn + Dokk = ndn + dkk — nwn + kwk. (35) 
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Making use of (17) and (18) and 
kdk + dkk = 0, kKDyk + Dokk = 0, (36) 
from the expression (35) we find that 
1 1 1 1 
3 (dnn +nDyn) + nw) = z (dkk +kDuk) + a Jaw). (37) 


This means that the general decomposition formula (28) is indeed independent of the 
unit vector field n we chose. 
To give a more concrete decomposition formula of the connections on the sphere 


bundle S(M) we suppose in (24) that 
[A,n] 4 0, (38) 
[b,n] = 0. (39) 
Let a be an arbitrary element of the Lie algebra so(n). It is expressed by 
1 ab 1 —1 
a= 0 Iag a =Sas (40) 


In the geometric algebra theory a is an antisymmetric tensor.Using the unit vector field 


n we can always construct an argument b as 
1 
b= g (nan +a), (41) 


which obviously satisfies the commutation relation (39). Substituting (41) and (24) into 
(29)we have 


In(w) =n(A+a)n+A+a. (42) 


As we have mentioned above that a is arbitrary,the argument (A+ a) in the (42) should 
be also arbitrary and by (25) and (40) we see that it satisfies the gauge transformations. 
This means that 


B=A+a (43) 
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is an arbitrary connection for SO(n) gauge theory with 
B’=SBS"'+dss". (44) 
Making use of (43) and (41),(42) can be rewritten in following formulation 
JIn(w) = Jn(B) = nBn + B. (45) 


Or 


J,(B) = n[B,n] + 2B. (46) 
So the general decompoaition formula (28) becomes 
1 1 
w= g(dnn +nDyn) + 5 in(B). (47) 
We can always choose a as a = Bo — A, where Bo is a flat connection 
Bo = duu (48) 


in which U is a local matrix in spinor representation corresponding for the group SO(n). 


From (48),(45) and (47) we finally get 
1 1 
Q= 3 (dnn +nDyn) + z Jn(Bo); (49) 


where 


Substituting (49) into (13), for the flat connections Bo, then F'(Bo) = 0, using (50) 


we derive the decomposition expression of the curvature 2-form as 


F(w) = —[-Don A Don + Dun A Dun + ndDun — dD,nn 


AI =e 


+Don A^ (Bon + nBo) — (Bon + nBo) A Don], (51) 


where 


Don = dn — |Bo, n]. (52) 


10 


By (52),(51) can be rewritten in the covariant formlation 


F(w) = —[-—Don A Don + Dun A Dun + nDoDon — DoDunn). (53) 


el = 


Using (9),(10),(15) and taking notice of Jp(Bo) = $J%(Bo)lap(through out this pa- 
per),from (46),(49) and (53) the component decomposition formula of w, F (w) and J,(w) 


are repectively given by 


1 
w” = dn?n? — dnn? + nDun? — n° Dun! + z% (Bo); (54) 
F®(w) = — Don? A Don? + Dun? A Dyn? + n° DoDun? — n? DoDun? (55) 
and 
J® (Bo) = (BẸ n n? — Bên n? + Ba?) (56) 
where 
Don? = dn? — Ben? (57) 


It is easy to see that the special cases of (54) and (55) when Bo = 0(i.e., J2?(Bo) = 
0) is just the result adopted in the Ref[11] .One notes that the special decomposition 


> and 


expressions in terms of the unit vector field 7 for the spin connection 1-form w° 
the curvature 2-form F@(w) in Ref[11] do not satisfy the gauge transformations (22) and 


(23) respectively and it may be regarded as a special gauge condition. 
3.Chern- Simons form on the sphere bunble S(M) 


In this section we will discuss the Chern-Simons (n — 1) form by means of the decomposi- 
tion expression (41).For a even dimensional compact and oriented Riemannian manifold 


M ,there exists a unique n-from A over M such that 


(a? 


= SR pII tnan FN) Ane A Pe u), (58) 


which is the closed n-form . Let m be a nature projection,thus 7~'(p) is all that part 


of S(M) lying above the point p € M , this fiber is isometric to the (n — 1)-dimensional 


11 


sphere S”~!.The transformation group in fiber can be taken the group SO(n) . The 


n-form A over M, when pulled back to the sphere bundle S(M)!35l is exact 
mA = dO (59) 


Chern!"5] has proved that the (n — 1) form 2 on the sphere bundle S(M) is 


1 n/2—1 9—k 
= k > 
= yA 2 Gam poh 24 (60) 


which is called Chern formula,and Oy, is 


E al a2 An—2k 
Ox a €a142...,dn 2kün—2k+1űn—2k+2: -ün 1an? Dyn Na A Dyn j Nan 


p Fan 2k+14m—2k+2 (W) A, A Faan (w), (61) 


where F is the curcature 2-form. Using the Bianchi identity 
DF*®(w) = 0. (62) 


It can be proved that 
DA=0. (63) 


This means that A is independent of the connections and determines a cohomology class 
belonging to the cohomology gruop H"(M) of the manifold M .This is equivalent to 
saying that the integral fẹ takes over a closed manifold M is a topological invariant 
which be called the Euler-Poincaré characteristic x(M) .Since 7* maps the cohomology 


class of M into that of S(M),while 7* performs the inverse operation. Thus 7i*7* amounts 


the identity ,the famous GBC theorem can be expressed as 


x(M) = f A= | Peis ado. (64) 
M M M 


Substituting (55) into (61) and taking notice of that the last two terms in (55) con- 
tribute nothing to Ox due to the completely antisymmetric property of the tensor €q,....a, 


in the expression (61) we find the expanding expression for ©% as 


k 


Ər = $ (-1)°O, (+1) 


l=0 


12 
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€412...,dn—2kAn 2k4+19n—2k42+++4n—2k+21—14n—2k4214n—2k4+21419n—2k42142++:4n—-14n, 


nDun’? A ..., ADyn?™2* A Dyno 2k) A Dynr28t2 A a., 


AD ner 2k+2I-1 A Dyynon-2k+2l AN Don’”—2k+21+1 VAN Don?r-2k+2142 TAN 
see 


ADga* A Don; (65) 
where 
Cn = k(n — k)! 


Since Dñ and Dor also are two vectors both perpendicular to ñ , let Dri — Dov be 
k,we have 


Don? — Don? = ak?, (66) 


where a is the magnitude of the vector D,,7 — Dori. Since nDun? = n* Don! = 0,from 


(66) we find that k is perpendicular to 7 i.e., 
ake =O, (67) 
and it follows that 
k*dn* + n*dk* = 0, 
n Dyk” +k? Dyn? = 0, n" Dok? + k*Don* = 0. (68) 
From (66) and (34) one obtains 
a = (Don? — Don*)k*. (69) 
Substituting this into (66) we have 
Dyn? = Don? + k*k? (Dun? — Don?). 
Using (68) the above expression becomes 
Don? = Don? — k n? (Dok? — Dok’). (70) 


Putting (70) into (65),we get that ©; as 


k 
Ox = XO (-1)*(-1)' Cheazazas...,an(M Don™ A D§?..., ADon™ 
l=0 


13 


—(n + 21 — 2k — 1)n“ kn"? (Dk — Dok’) A Don® A ..., ADon™), (71) 


By formula 


(rera A 4 m#0 
j=0 


and 
My Cr =-dU-y"jCr =0, = k#I 
j=0 j=0 
it is not difficult to show that 
k k-1 
So (-1)*(-1)'Ch = (CDD (-1)'C + (-D)*] =0, k#0 
1=0 1=0 
and 
: 2, ifk=1 
k I pi —4,; = 4, 
7 ~ CD (—1)'(n + 2l — 2k — 1)C}, = i 0, ifk> 1. 


Substituting these into (71) we obtain 


€a142...,dn (n“ Don A ..., \Don™ 
—(n — 1)n™k@n2(D,,k°2 — Dok?) A ...,ADon™), if, k =0, 


c Ox = —2éajaz.. an Ni! 22 nb2 (Disk? — Dokt?) A..,\Don™, if,k=1, (72) 
A 0, if,k > 1. 

d By means of the expression (72), from (60) we find a compact form of Q as 

Ç | 1 ai a2 a 

““ Q = Cite wnt Von agai, (73) 


(n — DIA(S"-1) 


where A(S”~*) is the area of S"~! as 


qn/2 
AS) = Teg 


Using the geometric algebra methods , for a flat connection Bọ = dUU~! , we take a 
simple matrix U as 


U =nl, U` = in, (74) 


is a local spinor matrix representation for the group SO(n) (see[27]), in which n is the 
unit vector field defined as before and | , another unit vector field which is perpendicular 
to n, 


Intnl =0. (75) 
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It is not difficult to verify that the matrix U given by (74) transforms l into —l and n 
into —n 


Wig = —1, UnU! = —n. (76) 


The more detial discussion of the construction of the spinor matrix representation is given 
in Appendix.Substituting (74) into (45) and using (75) we find that the flat connection 
is of the form 


Bo = dnn + ndlln. (77) 


By (77) and (52) we have 
Don = —dn + [dll, n]. (78) 


Making use of (15) dll can be expressed explicitly by 
dll = (dP = 1°dl’) Tap. 
From (78) and the above formula.using (8) ,(11) , dn*1* + n“dl* = 0 , one obtains 
Don? = —dn® + 21°? dn’. (79) 


Putting (79) into (73),we can express Q as 


T {n — 1) A(S071) “0182-88 


1n dne? A ..., NN? 
+2(n —1)n™dn® A ..., Adn- A 1% dn?) 
Using the the formula given in the Appendix of Ref [10]), 


Ehag.. an ON Nagin A dn? = 


1 


1 On = nn” )eaiaz.. ann" an” IN sang Adn*”, 
n — 


we find that Q on M can be reduced to 


1 z a 7 
Q= (n = TIA (S71) 60102-1007? ldn®? A ....,\dn®. (80) 


The above expression (80) is the Chern-Simons (n — 1)-form which be expressed cleanly 
in terms of the unit vector field n° on whole sphere bundle S(M) .This is a generalization 


of the result only on a fibre of S(M) in Ref [5]. 


15 


4. The topological structure of the GBC density and the 
GBC theorem 


In present section,from the Chern-Simons (n — 1)-form in the expression (80),we will 
show that the singularities of a n-form dQ can be directly expressed by 6(®).To do this 


,from (1) we have 
_ at 
$ 


dn’ 


1 
+ ¢*d(—). 
(3) 
Substituting it into (80) , 2 becomes 


1 gu 


j E (n = 1) A(S"-1) €aja2...,an on 


do”? A ..., \db*. (81) 


Using 
op E 1 O 1 
pr nn 2 age gr? 


the pull-back of the exterior derivative of (81) to M can be written as 


et 1 o oð 1 
PAN = -n in = 2) e BGR gga Gr?) 
p e1 H2- Hn ï 
OVROM Q.. Omn ™ —___ /qd"x (82) 


VI 


where g = det(gy),g.v is the metric tensor on M.Using a Jacobian D(¢/x) which is 
defined by 


E0029 D(f r) = MMA Ipp.. Ou G” 


and the formula 


aag...,a a 
Eazag...an€ = (n— 1)!65,, 


(82) can be rewritten as 


1 0? 1 


T= -Ana Borage Gr 


)D(o/x)d"x. 


By means of the general Green’s-functin formula in the vector space for the ¢ 


1 Agee x 
yona naa 


Ag( 


16 


where 
32 


Ao = pp 


is the n-dimensional Laplacian operator in the vector space . So 7i*dQ can become 


"dQ = 6()D(o/x)d" (83) 


Therefore we may define a Gauss-Bonnet-Chern density p on M as 


_ 1 
P= n- A(S) 


LP, a a a 
Earaz.. an Om Oan., Opn N 


= 5(8)D(¢/2). (84) 


We see that the p Æ 0 and the n*dQ Æ 0 only when the E = 0. The above two expressions 
(83) and (84) are of great importance,it follows in our case an evident result of the Hopf 
theorem. 

Suppose that ¢°(x)(a = 1...,n) possess N isolated zeros and let the ith zero be £ = Zj, 


=> 


according to the 6-function theory Ê ,0(@) can be expressed by 


ôT — Z) 
=> pe DGR (85) 


then one obtains 
D(¢/x) = 3 Bimiô( ť-— Zi), (86) 


where (; is a positive integer (the Hopf index of the ith zero) and 7; ,the Brouwer 


degreel!2] 


ni = sgnD(o/x)|z—z, = +1. 


The meaning of the Hopf index (6; is that while % covers the region neighboring of the 
zero Z; once ,the vector field function E covers the corresponding region (6; times.From 


above these and using (86) the GBC density on M has a following topoloical structure 


D(¢/x) = 3 Bimó(T — %), (87) 
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which shows that the local structure of p is labeled by the Brouwer degrees and the Hopf 


indices .The integration of p on M is just the Euler-Poincaré characteristic 


N 
x(M) = | pave = fan => Bim. (88) 
me ! i=1 


The result of (88) says that the sum of indices of the zeros of the vector field $ or 
the singularities of the unit vector field 7 is the Euler-Poincaré characteristic x(M) . 
Therefore the topological structure of the GBC density shows the expected Hopf theorem. 
On the other hand, we must point out an important and a simple fact that from (87) 


and (88) we have 


= 


x(M) = f 6(6) D(o/a)arx = dego | 8(6)a"6 = dego, (89) 


and 


N 
deg = Ý | Bini, (90) 


i=1 
where V is the elementary volume in the vector space of E and dego is the degree of the 
mapping ¢. The mapping degree deg¢ is to represent the globle topological property of 


Euler-Poincaré characteristic. 


5.From the Gauss-Bonnet-Chern theorem to the the Morse 
theory 


In the following ,we will study the Euler-Poincaré characteristic x(M) in the Morse theory 
making use of the topological structure given in the sec.4.To reach our goal ,the frist we 
briefly review the elements of the Morse theory!!®?8].Then we utilize (64),(83) and (85) 
to give the formula for x(M) in the Morse theory. 

Let f be a Morse function on the manifold M , for a point p € M, if the function f 
satisfies 


df [p= ô, fda” lb= 0, (91) 


then the point p is a critical point of the function f.The Hessian at p, Hp f ,is a guadratic 


form on T,M ,the tangent space to M at p. In local coordinates {x} centered at p,the 
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matrix of H,f relative to the base ô, at p is 
{Hp fh = Ov, (92) 
which is called the Hessian matrix.If at p that 
detH, f £ 0, (93) 


then the point p is called a non-degenerate critical point of the function f .the index 
of p is the number of negative eigenvalues of the Hessian matrix detH,f and it will be 
deneoted by A;(f). 

Now let us suppose that a smooth vector field b on M is a gradient field P8] of the 


Morse function f on the manifold M.i.e., 
or =e" ons, (94) 


where e°!” are the well-known vierbeins (g“” = ee%”). The relations (94) means that 
the critical points of the Morse function f are just the zero points of the vector field d. 


Using (94) we get,by differentiation 
On" |p= CV’ OOF |p - (95) 


Making use of formula 


1 
Cue ee Se, aT (96) 
from (95) one obtains 
1 
vI 
Using (85) and (97) ‚form the expression (83) we find that 


D(¢/x) |p= detHpf |p, (97) 


N 
dQ = Y Bi0(# — fi) dx. (98) 
i=1 


Substituting (98) into the Gauss-Bonnet-Chern theorem (64) ,we get a formula as 


2 det. f 
x(M) = > Prem, FT (99) 
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where N is the number of critical points of the Morse function f.This means that the 
Euler-Poincaré characteristic x(M) has relation to not only the Hessian matrx but also 
the Hopf index. 

In the Morse theory it is well-known that the Morse function f at the Neighborhood 


of any critical point p; can takes following form as 
f=f(pi)- (2) — n, (2%)? +... 42"), (100) 


where \;(f) = 0,1...,.Since vierbein e°” is a single-vector function on the manifold 
M from (94) and (100) it is easy to show that ¢°% also is single-valued .This means that 


the Hopf indices 6; = 1 (i=1,2,...,N).Substituting (100) into (99) ,we obtain 
N 
x(M) =X ~. (101) 


This is a famous result in the Morse theory . 
From above we have seen that the topological structure of the Gauss-Bonnet-Chern 
density induces namely the Euler-Poincaré characteristic x(M) in the Morse theory. 
Therefore in this paper we see that the general decomposition theory of connections 
in the gauge field theory is an important and powerful tool in studying the topological 


problems not only in the theoretical physics but also in the Differential Geometry. 
Appendix 


Theorem”: Let 7 and I be two unit vector fields in a n-dimensional vector space with 
nT # —l,and h be a unit vector field in the #—U plane which bisects the angle 0 between 


and I. Let n,l and h be three 1-vectors in the geometric algebra,then there exist two 


Sl 


elementary transformations which brings l into n via the similarity transformation ,i.e., 
neigh. i=1,2, 


where 


neat Lt Si, 
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Lo =hl=nh L3 =ih= hn, 


where h has been defined by 
_ nti 
~ 2(cos0/2)’ 


and @ is 


cos) = n'l + —1 


L;(i = 1,2) are regarded as the spinor matrix representations of the orthogonal transfor- 
mations, Lı represents the axial involution about h and Lə represents the plane rotation 
in the ñ — l plane. 

Now let us consider further that the unit vector field / is perpendicular to the unit 
vector field 7, then 


1 1 
Lə = —(1+nl), Ly'=— (+n): 
2 Ja! + nl), 2 Ja! + In) 


Using Lə we can construct a simple spinor matrix representation of the orthogonal trans- 
formation U as 


U = Lazlo = nl, U` =ln. 


Then 


UlU-! = —l, UnU! = -n 


This shows that U brings l into —l, n into —n respectively. 
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